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1. Second-order extension of Nettle et al.’s model 
 

In the first-order autoregressive model by Nettle et al. [S1], the distribution of 
environmental states has mean 𝑀 = 0 and variance 𝜎! = 1. When a second-order term is added 
to the model, the random variable X has to be multiplied by an appropriate coefficient so that 
𝜎! = 1. Specifically, the variance of the stochastic term involving X must equal one minus the 
variance of the sum of the regression terms: 

 
𝑚! = 𝜙!𝑚!!! + 𝜙!𝑚!!! + 1− 𝑉𝐴𝑅 𝜙!𝑚!!! + 𝜙!𝑚!!! 𝑋! (S1) 
 
Since 𝜙!𝑚!!! and 𝜙!𝑚!!! are correlated, the variance of their sum is given by: 
 
𝑉𝐴𝑅 𝜙!𝑚!!! + 𝜙!𝑚!!! = 𝑉𝐴𝑅 𝜙!𝑚!!! + 𝑉𝐴𝑅 𝜙!𝑚!!!  

+2𝜌!𝑆𝐷 𝜙!𝑚!!! 𝑆𝐷 𝜙!𝑚!!!   (S2) 
 
where 𝜌! is the correlation between 𝜙!𝑚!!! and 𝜙!𝑚!!!, i.e., the annual autocorrelation. 

The variance of environmental states is constant over time, so that 
 
𝑉𝐴𝑅 𝑚! = 𝑉𝐴𝑅 𝑚!!! = 𝑉𝐴𝑅 𝑚!!! = 1 (S3) 
 
It follows that 

 
𝑉𝐴𝑅 𝜙!𝑚!!! = 𝑉𝐴𝑅 𝑚!!! 𝜙!! = 𝜙!!

  
𝑉𝐴𝑅 𝜙!𝑚!!! = 𝑉𝐴𝑅 𝑚!!! 𝜙!! = 𝜙!!

 (S4) 

 
The annual autocorrelation in second-order models (see [S2]) is given by:  

 
𝜌! =

!!
!!!!

 (S5) 
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Eq. S1 can now be rewritten as: 
 

𝑚! = 𝜙!𝑚!!! + 𝜙!𝑚!!! + 1− 𝜙!! + 𝜙!! + 2
!!

!!!!
𝜙!𝜙! 𝑋! (S6) 

 
and rearranged to yield: 
 

𝑚! = 𝜙!𝑚!!! + 𝜙!𝑚!!! + 1− 𝜙!! + 𝜙!! + 2
!!!!!
!!!!

𝑋! (S7) 

 
 
2. Simulations 

 
All simulations were performed in R 2.15 [S3] with the same equations and parameter 

values of Nettle et al. [S1]. The only difference was that environmental states were generated by 
Eq. S7 (instead of Eq. 1 in the supplementary material of [S1]). For each value of ρ1 in the 
simulation, coefficients 𝜙! and 𝜙!  were obtained from Eq. S5. In simulations based on the 
revised model with weak delayed effects, 𝜙! and 𝜙! were set to: 

 
𝜙! = 2𝜙! =

!!!
!!!!!

 (S8) 

 
In simulations based on the revised model with strong delayed effects, 𝜙! and 𝜙!  were 

set to: 
 
𝜙! = 𝜙! =

!!
!!!!

 (S9) 

 
 
3. Autocorrelation functions of the two models 

 
A key difference between first- and second-order autoregressive models is their 

autocorrelation function, 𝜌! (see [S2,S4]). In first-order models, the autocorrelation function 
follows a simple exponential decay: 

 
𝜌! = 𝜙!! (S10) 
 
whereas in second-order models, the autocorrelation function becomes: 
 
𝜌! = 𝜙!𝜌!!! + 𝜙!𝜌!!! (S11) 
 
with 𝜌! =1. When both 𝜙! and 𝜙! are positive (as in the present model), the 

autocorrelation function described by Eq. S11 is a mixture of terms that decay exponentially 
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[S4], resulting in a slower decay over time compared with a first-order model with the same 
value of 𝜌!. Figure S1 illustrates this by comparing the autocorrelation functions of the original 
and revised model for 𝜌! = 0.80. 

 
Figure S1. Autocorrelation functions of the original and revised model for 𝜌! = 0.80 and k ={1…20}. 
Black dots = original model by Nettle et al., dark grey dots = revised model with weak delayed 
effects, light grey dots = revised model with strong delayed effects. Data represent simulated time 
series of 100000 years. 

 
 
4. The temporal structure of ecological variation 

 
The temporal structure of variation in natural environments has been investigated in the 

ecological literature (see [S5] for a review). In ecology, the degree of positive or negative 
autocorrelation displayed by a time series is often described as its “colour”, in analogy with the 
visible light spectrum [S5-S8]. When successive values are positively autocorrelated, slow 
fluctuations dominate the frequency spectrum, resulting in “red” or “red-shifted” spectral colour. 
In contrast, negative autocorrelations produce a disproportionate amount of high-frequency 
fluctuations and a “blue” or “blue-shifted” spectrum. Time series with zero autocorrelation have 
a flat frequency spectrum and can be described as “white noise”. 

 
In the literature on temporal variation, it is often assumed that the spectral density of the 

process under investigation follows a power law function of the form: 
 
𝑆 𝑓 ∝ !

!!
 (S12) 
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where f is frequency and S(f) is spectral density. The 𝛽 parameter in Eq. S12 is the 

spectral exponent of the process. White noise has 𝛽 = 0; red-shifted spectra are characterized by 
𝛽 > 0, whereas blue-shifted spectra are characterized by 𝛽 < 0 (see [S5]). The 1/f  frequency 
distribution that obtains when 𝛽 = 1 is commonly referred to as “pink noise” [S7, S8] (note that 
different authors may adopt slightly different definitions of the spectral exponent; for example, 
some authors employ –𝛽  as an index of spectral redness [S7, S8]). 

 
Empirical investigations of temporal variation in natural environments have yielded a 

number of useful generalizations. Climatic variables such as temperature and precipitation tend 
to show reddened spectra (i.e., positive autocorrelation patterns), with marine habitats being 
more red-shifted (typical values: 1 < 𝛽 < 2) than terrestrial habitats (typical values: 0.5 < 𝛽 < 
1), and coastal habitats falling in between (𝛽 ≅  1) [S6]. Among climatic variables, temperature 
variation is more red-shifted than variation in precipitation [S6]. Importantly, careful 
examination of spectral densities reveals that many climatic phenomena show “flattened” spectra 
at low frequencies, a pattern more consistent with first-order autoregressive processes than with 
the power law function of Eq. S12 ([S6]; see below). Nevertheless, 𝛽 is often employed as a 
measure of spectral colour under the (typically untested) assumption of a 1/𝑓!spectrum.  

 
In animal species, population dynamics (i.e., temporal fluctuations in population size) 

also tend to show markedly reddened spectra. In a large-scale analysis of population time series 
[S7], 92% of the investigated species had spectral exponents 0 < 𝛽 < 2, with an overall mean of  
1.02 (virtually the same as pink noise) and little difference between terrestrial and marine species 
[S7]. Also, larger body size (associated with longer generation time) predicts redder dynamics 
across species [S8]. The fact that population dynamics have redder spectra than exogenous 
environmental variables suggests that population fluctuations are not entirely driven by 
environmental fluctuations [S8], and/or that environmental fluctuations are “filtered” by 
biological processes in ways that emphasize low-frequency variation [S9]. 

 
In order to check the plausibility of Eq. S7 as a model of environmental variation, long 

time series of environmental states were generated for different values of 𝜙! and 𝜙!,  and their 
spectral exponent 𝛽 was estimated with the least squares method described in [S7] (see the 
supplementary material of [S7] for details; note that 𝛽 in [S7] corresponds to −𝛽 in Eq. S12). All 
computations were performed in R 2.15 [S3] with functions from the GeneCycle package 
(version 1.1.2) [S10]. Simulation results are shown in Figure S2. As expected, higher annual 
autocorrelations correspond to higher values of 𝛽 (increasing redness). Compared with the 
original model by Nettle et al., the time series generated by the revised model appear less red-
shifted, and remain closer to the spectral exponent of pink noise (𝛽 = 1) as the annual 
autocorrelation increases. As illustrated in Figure S3, this occurs because second-order 
autoregressive models deviate more than first-order models from the assumptions of Eq. S12, 
resulting in a lower estimated exponent even in presence of a stronger autocorrelation pattern 
(compare Figure S1 with Figure S2). It is important to stress that, while the spectral exponents in 
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Figure S2 underestimate the amount of autocorrelation in the simulated time series, the same 
applies to exponents estimated from real-world datasets, as the latter often show “flattened” 
spectra characteristic of autoregressive models [S6]. The critical question is: how do values of 𝛽 
estimated from simulated datasets compare with typical values of 𝛽 estimated from real-world 
datasets, given that both are likely to underestimate the true amount of autocorrelation in the 
data? 

 
Under the assumptions of Nettle et al.’s original model, the evolution of external PARs 

requires levels of annual autocorrelation of 0.95 or greater. Accordingly, the empirical spectral 
exponent of environmental fluctuations would have to be 1.5 or greater (black line in Figure S2), 
which is close to the upper limit of ecological fluctuations observed in natural environments. In 
contrast, the revised model may support external PARs with annual autocorrelations of 0.85 or 
greater; this corresponds to spectral exponents in the vicinity of 1 (light grey line in Figure S2), 
closer to the average of empirical estimates in nonhuman species. In other words, the revised 
model may permits the evolution of external PARs in a more realistic range of environmental 
conditions. Of course, these estimates are only first approximations based on studies of 
nonhuman species, and may not accurately reflect the temporal structure of human environments. 
However, they provide a useful heuristic in absence of more information on the patterns of 
environmental fluctuations experienced by our ancestors across evolutionary time. 

 
Figure S2. Spectral exponent 𝛽 estimated from simulated time series. Black line = original model by 
Nettle et al., dark grey line = revised model with weak delayed effects, light grey line = revised model 
with strong delayed effects. Data represent simulated time series of 100000 years for each 0.01 
increment of the annual autocorrelation. 
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Figure S3. Spectral analysis of simulated time series (20000 years) generated by first-order (a) and 
second-order (b) autoregressive models (see the supplementary information of [S7] for 
methodological details). The estimated spectral exponent is 𝛽 = 1 in both cases. Black line = expected 
amplitude for a power law spectrum with 𝛽 =  1 (pink noise; see Eq. S12). Both first and second-order 
autoregressive processes show flattened spectra at low frequencies; the spectrum of second-order 
processes (b) also deviates from theoretical expectations at high frequencies.  
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